General formulas have been constructed for two-center overlap, Coulomb and hybrid integrals over Slater orbitals (STOs) with unrestricted quantum numbers. An e cient procedure has been developed to evaluate these using symbolic and mixed numeric/symbolic calculation. Closed formulas have been constructed for each of the non-zero Coulomb and hybrid integrals containing K, L and M shell orbitals. The derivations and tabulations were performed mechanically in runs that produced this paper, and more detailed documentation, without manual transcription.
Introduction
The evaluation of the full range of molecular integrals over Slater orbitals (STOs) is a continuing challenge in quantum chemistry. In a recent paper 1], Kennedy and Zhao describe the background and provide an excellent comparitive analysis of two major methods. These involve, respectively, ellipsoidal coordinates 2, 3] , that the authors of 1] used to develop a new software package, and the -function method 4{6], that we use here. The complementarity in speed and accuracy discussed in 1] may very well persist, as new technology is woven into the two approaches.
One problem with the -function method and with its variants reported in 7] has been the perceived need to compute some of the auxiliary functions in the nal results by numerical quadrature. E orts to overcome this di culty that were partly succesful are cited in 1]. Closed analytical expressions have now been derived for all the relevant auxiliary functions 8, 9] . These support evaluation procedures that give short linear combinations of elementary functions and use the unrestricted precision that symbolic calculation systems provide.
Another problem has been the slow convergence in systems of high symmetry | see e.g. 10] . However, numerical experiments on a supercomputer and elementary symbolic calculation led to a transformation for a prototype 11] that we believe can be generalized. Related calculations of three-center one-electron integrals have been reported since then 12] .
Here, we report work on two-center Coulomb and hybrid integrals, that uses advanced methods of symbolic computation. We derive general formulas that support e cicient instantiation for arbitrary quantum numbers, when most or all of the molecular parameters are given numerically.
Also, we provide a link to tables of closed formulas for all the < aajbb > and < aajab > integrals that contain K; L; M shell orbitals.
In view of the dramatic improvement in the evaluation of non-exchange integrals that symbolic computation enables, the overall negative assessment of the future of STOs in 1] may be premature.
Symbolic computation has vast potential in computational chemistry at large. The key features of the methods that have been used are summarized, accordingly. These comprise Mathematica Release 2 13], supplemented by the methods of 14, 15] for the analytical work and mathscape 16, 17] , to produce the paper mechanically.
Notation
In this paper, the Slater orbital for electron i of atom S, with polar coordinates (r si ; si ; si ), and the integer quadruple q = jn; l; m; j, n 1, 0 l < n, 0 m l, = 1 is denoted by: q s (k;r si ) = N n;l;m (k)r n?1 si e ?krsi P m l ( cos si ) cos m si sin m si =?1
The normalization factor N n;l;m (k) is given by:
In the { : : : } expression in (1.1), the upper component is taken when the subscript is true, and the lower when it is false. For formal consistency, = ?1 when m = 0. In the following expression for the general two-electron integral, g is the molecular geometry, k is the vector of screening constants jk; k 0 ; k 00 ; k 000 j, r 12 is the inter-electron distance and V 1 , V 2 denote the space of the two electrons.
X0 q 00 q 000 ss 0 s 00 s 000 (k; g) = For the two-center integrals, this is zero unless at least one of the combinations m m 0 m 00 m 000 is zero. The quantum numbers are shown explicitly by the variant notation: X ss 0 s 00 s 000 n n 0 n 00 n 000 l l 0 l 00 l 000 m m 0 m 00 m 000 0 00 000 (k; g) = X0 q 00 q 000 ss 0 s 00 s 000 (k; g) (1.4) It is a little more convenient to work with the corresponding integrals that contain the complex wave functions (1.5), where ?l m l: The integrals that contain these are denoted by: where Y n ( 0 ; 0 ) is a surface harmonic of degree n, and is the angle between the lines from the origin to points (1; ; ) and (1; 0 ; 0 ). In the notation that we use for the angular coordinates: To streamline the computation we write, for = =1: 3. The expressions, in terms of the Js, for the hybrid integrals de ned by these fl; mg combinations and symbolic n a = n 1 + n 2 and symbolic n 3 and n 4 . These are found from (3.20) and (4.6), respectively.
4. The sets of indexes fl; n j ; l j ; m; ng for these Js, needed for n a 6; n 3 3; n 4 3. 5. The sets of indexes fm; n; lg that characterize the Zs needed to evaluate these Js. This list follows from (5.9).
6. The sets of indexes fn; lg in the Z 0;n;l needed to recur up to the Zs with m 1.
7. The a (i) l;n ( ; ) coe cients needed to evaluate these Z 0;n;l . These were computed in the production of 8]. The table of as can be extended by the methods described in Section 9 of that report.
Then expressions, in terms of elementary functions, were found for:
8. the scaled Z s m;n;l that are needed for the overall tabulation, 9. the scaled J s l;nj;lj;m;n that are needed, 10. the Coulomb integrals. 11. the hybrid integrals. To tabulate the J s functions (list 9), (5.24) is instantiated for each set of indexes in list 5, and scZ is replaced by vZ. Then, to cause automatic evaluation of the J s functions in the next step, this list is mapped by the operator that (1) replaces scJ (which represents the J s functions) by vJ, (2) patternizes the variables on the left hand side and (3) replaces Equal by SetDelayed. Next, the operation that (1) replaces X (which represents the Coulomb integrals) with vX, (2) patternizes the variables on the left hand side and (3) replaces Equal with SetDelayed is mapped onto list 2, i.e the list of equations, in terms of the Js, for the Coulomb integrals that are de ned by numeric fl; mg and symbolic n combinations. Then we construct the list of names of Coulomb integrals that are de ned by numeric fn; l; mg, and convert it to a list of equations. The left hand side of each is the name. The right hand side is formed from the name by (1) changing X to vX, thereby bringing into play the SetDelayed statement that evaluates this automatically as an instance of an expression with the same fl; mg values and patternized names for the fn a ; n b g values, and (2) changing scJ to vJ.
Finally, the hybrid integrals are produced in the corresponding manner from list 3.
The evaluation processes for the a, Z, J and X objects just outlined also introduce secondary variables for conciseness, collect terms and perform other cosmetic operations. The Coulomb integrals were tested by (1) comparing the value at = 0 with the independent computation of the one-center integral, and (2) comparing the result at exp(?k ) = 0 with the asymptotic power series in 1= . Spot checks have been made by di erentiation, and by interchanging k values in the integrals that are symmetric in the orbitals of the two electrons.
Symbolic tests on the hybrid integrals are being completed. Numeric tests will be run on both. 
